Abstract. We show that the crossing number of any link that is known to be quasialternating is less than or equal to its determinant. Based on this, we conjecture that the crossing number of any quasi-alternating link is less than or equal to its determinant. Thus, if this conjecture is proved then it would give an easier obstruction for quasi-alternateness than the ones already known.
introduction
Quasi-alternating links were defined in [OS, Definition. 3.9] as natural generalization of alternating links. It is well-known already that they share many properties with alternating links. Unfortunately, the recursive definition makes it impossible to show that a given link is not quasi-alternating. Definition 1.1. The set Q of quasi-alternating links is the smallest set satisfying the following properties:
• The unknot belongs to Q.
• If L is link with a diagram containing a crossing c such that (1) both smoothings of the diagram of L at the crossing c, L 0 and L 1 as in figure 1 belong to Q, and (2) det(L 0 ), det(L 1 ) ≥ 1, (3) det(L) = det(L 0 ) + det(L 1 ); then L is in Q and in this case we say L is quasialternating at the crossing c. The following is a list of properties hold for quasi-alternating links and hence a list of obstructions for a given link to be quasi-alternating that was first appeared in [G, Page. 1]: (1) the branched double-cover of any quasi-alternating link is an L-space [OS, Proposition. 3 .3]; (2) the space of branched double-cover of any quasi-alternating link bounds a negative definite 4-manifold W with H 1 (W ) = 0 [OS, Proof of Lemma. 3 .6]; (3) the Z/2Z knot Floer homology group of any quasi-alternating link is thin [MO, Theorem One of the basic well-known properties of alternating links is c(L) ≤ det(L) as proved in Proposition 2.2. We conjecture that this property holds for quasi-alternating links. In support of this conjecture, we show this property for all links that are known to be quasi-alternating. In particular, we provide a table of knots up to 11 crossings that don not satisfy the above inequality and known to be not quasi-alternating.
If this conjecture is true, then we obtain a new property and an easy obstruction for a link to be quasi-alternating. Moreover, this property will solve Conjecture 3.1 in [G] that states that there are finitely many quasi-alternating links of a given determinant.
Finally, we provide two tables one of knots of 12 crossings, and the second one of links of 9 crossings or less that we think that they are not quasi-alternating based on our Conjecture 3.1.
Main Results
In this section, we show that the crossing number of any link that is known to be quasialternating is less than or equal to its determinant. Alternating links are quasi-alternating links as a result of [OS, Lemma. 3.2] . Our result holds for the alternating links by the following proposition, but before that we state a well-known fact in graph theory.
Remark 2.1. The number of edges is less than or equal to the number of spanning trees in a connected graph with no loops and no bridges.
Proof. Take a reduced alternating diagram of L, then the Tait's graph is connected and has no loops and no bridges. It is well-known that c(L) represents the number of edges and det(L) represents the number of spanning trees of such Tait's graph. Finally, the result follows by Remark 2.1. Proof. We show the result for integer tangles first. For n = 1 the result follows by assumption since c(L) ≤ c(D). We let L be the link obtained by replacing the crossing c in L with an alternating integer tangle of length k and without loss of generality we can assume that is as the crossing in figure 1 . As a result of [CK, Theorem. 2 .1], L is a quasi-alternating link at any crossing of the integer tangle. Now, we smooth all the crossings of the tangle except one of the quasi-alternating diagram of L to obtain
where det(L 1 ) ≥ 1 since it is quasi-alternating. Finally, we repeat this process to obtain the result for rational tangles since after each step we obtain the initial assumption of the theorem. In particular, c(D ) ≤ det(L ) after each step as above.
We state the following well-known results to be used later.
Proof. The result follows since the Jones polynomial is multiplicative under connected sum of links.
Proposition 2.5. [Ka] , [LM] , [M] , [T] If K 1 , . . . , K n are alternating links, then
Lemma 2.6. If x 1 , . . . , x n are positive integers, then
Proof. The result is clear if x 1 = . . . = x n = 1. To consider the other cases, we reorder such that
We use induction on m and note that the result holds for m = 1. Now we assume that the result holds for m − 1 and we want to show that the result holds for m.
Proposition 2.7. For p 1 , . . . , p n , q ≥ 2 and q > min{p 1 , . . . , p n }, we have
where L is the pretzel link P (p 1 , . . . , p n , −q).
Proof. For n = 1 the statement is true by Proposition 2.2 since the pretzel link is the torus alternating link T (2, p − q) if p = q. Now we show that the result holds for n ≥ 2. Let L = P (p 1 , . . . , p n−1 , p n , −q) where q > min{p 1 , . . . , p n−1 }, then L is quasi-alternating as a result of [CK, Theorem. 3.2] and later by [G, Theorem. 1.4 and Proposition. 2.2] . We consider L = P (p 1 , . . . , p n−1 , 1, −q). The authors of [CK] show that L is quasi-alternating at the only crossing in the n-th tassel in [CK, proof of Theorem. 3.2] . Therefore, we obtain
where L 1 = P (p 1 , . . . , p n−1 , −q) which is quasi-alternating by the induction hypothesis and D is the pretzel diagram of L. Finally the result follows by applying Theorem 2.3 on the link L on the crossing in the n-th tassel.
Remark 2.8. Another proof of above proposition can be given by induction on n and using the famous formulas for the determinant and the crossing number of the given pretzel link.
The relevant notation and facts concerning Montesinos and pretzel links in this paper follows [OSS, Section 3.2] .
Lemma 2.9. If n ≥ 0, k ≥ 1 with n+k ≥ 2, all p i ≥ 2 and all q j ≥ 3, then det(M (0; (p 1 , 1) , . . . ,
Proof. We let L = M (0; (p 1 , 1), . . . , (p n , 1), (q 1 , q 1 − 1) , . . . , (q k , q k − 1)). It is clear that the corresponding Montesinos link is alternating. Therefore, the determinant is equal to the number of spanning trees of the Tait graph. Thus
where the last inequality follows by Lemma 2.6. Theorem 2.10. The crossing number of any pretzel quasi-alternating link is less than or equal to its determinant.
Proof. The complete characterization of quasi-alternating pretzel links is given in [G, Theorem. 1.4 ] which states that the pretzel link L = P (e; p 1 , . . . , p n , −q 1 , . . . , −q m ) = M (e; (p 1 , 1), . . . , (p n , 1), (q 1 , −1), . . . , (q m , −1)) with e, n, m ≥ 0, all p i ≥ 2, and all q j ≥ 3 is quasi-alternating iff (1) e > m − 1; (2) e = m − 1 > 0; (3) e = 0, n = 1, and p 1 > min{q 1 , . . . , q m }; or (4) e = 0, m = 1, and q 1 > min{p 1 , . . . , p n }. We will prove the theorem by checking the first two case and the other cases will follow from Proposition 2.7.
(1) If e > m − 1, then L has an equivalent description M (e − m; (p 1 , 1), . . . , (p n , 1), (q 1 , q 1 − 1), . . . , (q m , q m − 1)) with an alternating associated diagram. Therefore, the result in this case follows by Proposition 2.2. (2) We show the result by induction on m. Now we assume that the result holds for m = k. We want to show that the result holds for m = k + 1. Take q k+1 = 3, so
, then the result will follow by Theorem 2.3. As a result [G, Proof of Theorem. 1.4], L is quasi-alternating at the any crossing in the last tassel. We smooth one of the crossings in the last tassel
where the only inequality follows by Lemma 2.9 for L 0 = P (k; p 1 , . . . , p n , −q 1 , . . . , −q k ) = M (0; (p 1 , 1) , . . . , (p n , 1), (q 1 , q 1 − 1), . . . , (q k , q k − 1)) and L 1 = P (k; p 1 , . . . , p n , −q 1 , . . . , − q k , −2) = P (k − 1; 2, p 1 , . . . , p n , −q 1 , . . . , −q k ) with det(L 1 ) ≥ 1 by induction if k − 1 > 0 and by Proposition 2.7 if k − 1 = 0. We let L 1 = L(a 1 a 2 , R, −n) with 1 + a 1 (a 2 − n) < 0, L 2 = L(a 1 a 2 , R, (−c 1 )(−c 2 )) with a 2 < c 2 or a 2 = c 2 and a 1 > c 1 , and L 3 = L(a 1 a 2 a 3 , R, −n) with a 3 < n. We also denote L i to be the link L i in which R is replaced by one single positive crossing where i = 1, 2, and 3 for now and the rest of the proof. The author of [W] shows that the link L i is quasi-alternating at the only single crossing in the middle tangle and applies [CK, Theorem. 2 .1] to show that L i is quasi-alternating at any crossing of the tangle R that replaces the only single crossing in the middle tangle in L i . We show that the result holds for L i and then apply Theorem 2.3 at the only single crossing in the middle tangle to obtain the result for L i . Now we smooth the links L i at the only single crossing in the middle tangle to obtain
The above inequalities hold by Lemma 2.6 and since L i 1 is quasi-alternating with det( L i 1 ) ≥ 1.
Theorem 2.12. The crossing number of the quasi-alternating Montesinos link L = L(a 1 a 2 a 3 , R, (−c 1 )(−c 2 )(−c 3 )) with 1+a1a2 a+c1c2 > a1+a3+a1a2a3 c1+c3+c1c2c3 is less than or equal to its determinant.
Proof. We denote L to be the link L in which R is replaced by one single positive crossing. The author of [W] states that the link L is quasi-alternating at the only single crossing in the middle tangle in [W, Remark in page. 8] and applies [CK, Theorem. 2 .1] to show that L is quasi-alternating at any crossing of the tangle R that replaces the only single crossing in the middle tangle in L. We show that the result holds for L and then apply Theorem 2.3 at the only single crossing in the middle tangle to obtain the result for L. Now we smooth the links L at the only single crossing in the middle tangle to obtain
The above inequalities hold by Lemma 2.6 since L 1 is quasi-alternating with det( L 1 ) ≥ 1.
Conjecture and Closing Argument and remarks
We close this with the following conjecture.
Conjecture 3.1. For any quasi-alternating link L, we have
In support to this conjecture, it holds for alternating links as a special class of quasialternating links by Proposition 2.2. Also, the author of [G] in Proposition 3.2 proves the above conjecture in very special cases where the determinant is less than or equal 3.
The above argument in the previous section shows that inequality 1 holds for infinitely many quasi-alternating links that are not alternating links.
This conjecture is not a characterization of quasi-alternating links since the converse of this conjecture is not true. In particular, the knots 9 46 and 11n139 satisfy inequality 1 and they are not quasi-alternating. The above knots are not quasi-alternating because Shumakovitch shows in [S] that the knot 9 46 has torsion in its odd Khovanov homology groups and Green in [G, Theorem. 3.1] proves that the knot 11n50 does not bound a negative definite 4-manifold with torsion-free.
Also in support of the above conjecture, we provide a table of all knots up to 11 crossings using [CL] that don't satisfy inequality 1. Also, we checked by hand that every knot appears in that table is not quasi-alternating since each knot is homologically thick in rational Khovanov homology using [BM] except for the knots 10 140 and 11n139 which are pretzel knots of the form P (p, 3, −3) with p = 4 or 5 (see table 1 ). Moreover, we use [CL] to provide two tables the first one of knots with 12 crossings and the second one of links up to 9 or less crossings that we conjecture to be not quasi-alternating based on inequality 1 (see table 2 and table 3 5  11n9  5  11n19  5  11n31  3  11n34  1  11n38  3  11n42  1  11n49  1  11n57  7  11n67  9  11n73  9  11n74  9  11n96  7  11n97  9  11n102  3  11n104  3  11n111  7  11n116  1  11n135  5  11n139  9  11n143  9  11n145  9   Table 1 . Knot table
The following remark shows how useful this conjecture if we can prove it for general quasialternating links.
Remark 3.2. If the above conjecture is true.
(1) This is an easy obstruction for quasi-alternateness compared to the other obstructions mentioned in the introduction. (2) It would solve the conjecture mentioned in [G] that states that there are only finitely many quasi-alternating links with a given determinant. (3) It will imply [GW, Theorem. 2] and [GW, Proposition. 3] . In particular, it will show that there are finitely many Kanenobu's knots that are quasi-alternating.
Finally, we hope to prove this conjecture in future work.
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